Tangles of quantized vortex line of initial density L(0) ∼ 6 × 10 3 cm −2 and variable amplitude of fluctuations of flow velocity U (0) at the largest length scale were generated in superfluid 4 He at T = 0.17 K, and their free decay L(t) was measured. If U (0) is small, the excess random component of vortex line length firstly decays as L ∝ t −1 until it becomes comparable with the structured component responsible for the classical velocity field, and the decay changes to L ∝ t −3/2 . The latter regime always ultimately prevails, provided the classical description of U holds. A quantitative model of coexisting cascades of quantum and classical energies describes all regimes of the decay. PACS numbers: 67.25.dk, 47.27.wg Turbulent flow in classical fluids can be described [1] as a superposition of coherent vortices, possessing large non-equilibrium energy and responsible for the cascade of this energy towards smaller length scales, and a random incoherent flow, which is in equilibrium and dissipates at the smallest scales by viscosity. The energy spectrum, i. e. contributions from velocity fluctuations at different length scales, adjusts self-consistently to maintain the continuity of the cascade's energy flux [2, 3] .
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PACS numbers: 67. 25 .dk, 47.27.wg Turbulent flow in classical fluids can be described [1] as a superposition of coherent vortices, possessing large non-equilibrium energy and responsible for the cascade of this energy towards smaller length scales, and a random incoherent flow, which is in equilibrium and dissipates at the smallest scales by viscosity. The energy spectrum, i. e. contributions from velocity fluctuations at different length scales, adjusts self-consistently to maintain the continuity of the cascade's energy flux [2, 3] .
Vortices in superfluid 4 He are different [4] in that all of them have fliamentary cores surrounded by inviscid flow of identical velocity circulation κ = h/m = 0.997 × 10 −3 cm 2 s −1 (h and m being the Plank's constant and atomic mass of 4 He, respectively) [4] . Hence, turbulence in this system (quantum turbulence or QT) is a tangle of vortex lines [5, 6] . Yet, QT might be an analog of the classical scenario in that there are two coexisting structures [7] : one (flow round bundles of vortex lines) possesses all properties of the classical coherent vortices, while another incoherent component (flow round individual lines) is responsible for the transfer of energy towards the dissipative processes at smaller scales and adjusts its own extent self-consistently. Importantly, the concept of the energy cascade is still potent [8] .
Of special interest is the limit of zero temperature, T = 0, at which QT is non-dissipative down to length scales much smaller than the typical distance between vortices, ℓ = L −1/2 , where L is the length of vortex line per unit volume. The nature and rate of the corresponding energy cascade and ultimate dissipative processes remain open questions of fundamental importance [9, 10] . Two extreme cases of QT in the T = 0 limit have been studied [11] [12] [13] and revealed different types of free decay L(t). One ('ultraquantum' or 'Vinen QT') is a random tangle of vortex lines with negligible velocity fluctuations at length scales r ≫ ℓ. Such a tangle is fully described by L. Another limit ('quasiclassical' or 'Kolmogorov QT') is that of partially polarized tangles with the dominant contribution to energy coming from flow round many vortex lines. Here a second parameter is required, the amplitude of velocity fluctuations U at the integral length scale L i -usually of order the container size D.
Many questions remained. Which of these regimes is transient and which is the ultimate 'equilibrium' type? Which parameters describe their interplay? What is the ratio of the contributions from the coherent and random components to the vortex length in the 'equilibrium' state? Our experiment, in which vortex tangles were generated with a known value of U , answers these questions.
The energy, per unit mass, of the turbulent state is the volume-averaged E = 1 2 < v 2 > with velocity v given by the Biot-Savart integral over all vortex lines. We consider a developed bulk QT, for which L i ≫ ℓ. Then there are two major contributions to the energy, E = E q + E c . In the near field r ≪ ℓ, the 'quantum energy' is dominated by the velocity of fluid circulating round individual lines,
where γ ≈ ln(ℓ/a 0 )/4π and vortex core radius is a 0 ≈ 1.3Å [4] . In our experiments, ℓ is within the range 0.14-2 mm; hence, γ ≈ 1.2 ± 0.1 ≈ const. On the other hand, in the far field r ≫ ℓ ('classical length scales'), the flow velocity arises from contributions of many aligned vortex lines. If the forcing is at length scale D, and Re s ≡ UD κ ≫ 1 [14] , then the coarse-grained velocity field should obey classical fluid dynamics with no dissipation. Hence, the Kolmogorov-like energy cascade [2] is expected, with the classical energy dominated by U ,
In the T = 0 limit, the energy could be removed either by phonon emission due to short-wavelength Kelvin waves [15, 16] or diffusion of small vortex rings [9, 10, [17] [18] [19] . Both processes are related to length scales r < ∼ ℓ, and are fuelled by vortex reconnections [20, 21] . The flux of energy towards these dissipative processes, is expected to obey [22, 23] 
Whether the dimensionless parameter ζ ∼ 1 depends on the tangle's polarization [24] is still an open question.
With dominant flux of quantum energy, |Ė q | ≫ |Ė c |, equating it to the dissipation rate, −Ė q = −γκ 2L = ǫ d , results in the free decay of Vinen QT:
. Such decay with a universal prefactor, corresponding to ζ ≈ 0.10, was observed in QT generated after a brief injection of ions in cells of different sizes [11, 13] and also in numerical simulations of Vinen QT [25, 26] .
In the opposite limit of Kolmogorov QT with dominant flux of classical energy, |Ė c | ≫ |Ė q |, the rate of the energy release is controlled by the lifetime of largest eddies and the cascade time, both of order L i /U . We hence assume thatĖ c ∼ −U 3 /L i and the energy flux at smallest lengths
(where U 0 = U (0)) and the prefators a, β ∼ 1 depending on the container shape and boundary conditions [13] .
typical for decaying QT with the classical inertial length saturated by the container size [31] . Such decay with ζ ∼ 0.1 was observed for QT in the T = 0 limit, generated either by a towed grid or after a long intensive injection of ions [13] .
In the present work, we developed a method of generating QT, in which U can be controlled. A cubic volume with sides D = 4.5 cm, made of six earthed metal plates, contained 4 He with 3 He fraction 2 × 10 −11
[32] at pressure 0.1 bar. Experiments were conducted at temperature T = 0.17 K, at which the normal fraction ρ n /ρ = 1.0 × 10 −7 [33] and mutual friction parameter α = 8 × 10 −9 [34] are negligible. The mean density of vortex lines L in the cell was evaluated by measuring the losses of charged vortex rings (CVRs) propagating from an injector in the centre of a side plate to the collector at the opposite side [36] . In order not to affect the decaying QT by the injected CVRs, each realization of vortex tangle, decaying for time t after turning off the injection, was only probed once.
The turbulence was generated by an injector of electrons in the middle of the bottom plate. This had a fieldemission tip, to which a negative voltage of magnitude V * in the range 290-380 V was applied during time ∆t * between 1 s and 500 s, resulting in the current of magnitude I * (V * ) in the range 0.8-470 pA to a grid 2 mm from the tip. Injected electrons, each in a bubble of radius 2 nm [37] ('negative ions'), immediately nucleate small vortex rings which quickly (during first ∼ 0.15 s) build up a dense vortex tangle between the tip and the grid [38] . The ions remain trapped on vortex lines until they reach the grid where most of them terminate, while the jet of fluid continues into the cell. Thus, by exerting force on these ions, the turbulence is simultaneously forced both on small lengths ∼ ℓ due to the ballooning out of the charged vortex segments leading to the growth of the line density L, and on large scales ∼ D due to the increase in the mean velocity ∼ U of the jet.
We relate U to the total hydrodynamic impulse P through P ∼ ρD 3 U , where ρ = 145 kg m −3 is the density of helium. Before reaching the grid, each ion transfers to the fluid impulse eV * /v * (with v * ∼ 0.2 m s −1 being the mean velocity of ions dragged by electric field through the slower vortex tangle as a consequence of frequent reconnections when at T < 0.7 K [39, 40] ). The rate of transfer of impulse to the jet into the cell (see Fig. 1 ) is henceṖ + ≈ V * I * /v * , while the rate of loss iṡ
ρD 4 , where τ P ∼ D/U is the time required for the jet to reach the opposite wall, during which the impulse is conserved. The dependence U (t) during injection, which commenced at t = −∆t * and ended at t = 0, can be found from the solution of the equatioṅ P =Ṗ + +Ṗ − :
where τ * = D U 0 = U (V * , I * ) at t = 0 (here a, b ∼ 1),
This relation was firstly tested for the limit of long injection, ∆t * ≫ τ * , in which turbulence with a steady classical energy flux is established. In Fig. 2 we plot experimental L(t) for several decaying vortex tangles generated by injections of the same duration ∆t * = 300 s but of different intensities (V * , I * ) for which τ * takes values from 210 s to 25 s. The solid lines are Eq. 6 with the initial values corresponding to t K = aτ * = aD (from Eq. 8 in the ∆t * ≫ τ * limit) with a = 1.2, and the common late-time asymptotic with (β/ζ) 1/2 = 7. We thus confirm that a long intensive injection can generate Kolmogorov turbulence whose decay follows Eq. 6, and that our model for the amplitude of injected large-scale velocity U (V * , I * , ∆t * ) and associated time scale t K , Eq. 8, is in agreement with experiment.
In Fig. 3 , which is the main result, we show the measured L(t) for several decaying vortex tangles, created with different initial values of U 0 by varying ∆t * while keeping V * and I * the same. Except for the top dataset with the longest ∆t * = 500 s, the decay begins with a universal dependence L ∝ (t + t V ) −1 , expected for Vinen QT (4). This dependence is continued for some time until it gradually switches to L ∝ (t + t K ) −3/2 , characteristic of wall-bounded Kolmogorov QT (6). The longer the injection time ∆t * (i. e. the greater the value of U 0 ), the earlier the switch occurs. To model the dependence L(t) during free decay, we write the energy balance at length scales ∼ ℓ,
Following [41] we assume that the flux of classical energy (5) effectively reaches this length scale after the delay time ∼ t K (V * , I * , ∆t * ) from the beginning of injection at t = −∆t * . We hence introduce a simple delay function
which can be solved numerically for L(t) subject to the initial parameters L 0 and U 0 (via t K = aD/U 0 ). In Fig. 3 we show solutions of Eq. 10 with ζ = 0.10 and β = 4.9 (i. e. with the same late-time asymptotic (6) with β ζ 1/2 = 7 as in Fig. 2) , with values of t K (V * , I * , ∆t * ) calculated by Eq. 8 with a = 1.2, b = 0.7 and v * = 0.2 m s −1 , and with one-for-all L 0 = 6 × 10 3 cm −2 . The good agreement with all experimental L(t) suggests that the model (10) adequately represents the dynamics of QT of arbitrary degree of polarization. We will now discuss some implications of the model.
At early times, whether the decay will begin from either Vinen or Kolmogorov type depends on the interplay of the total L 0 and the vortex length necessary to sus-
(from Eq. 6). If L 0 ∼ L 0 , only the Kolmogorov decay (6) will be observed from the very begining (like the top dataset in Fig. 3 ). On the other hand, with L 0 ≫ L 0 , i. e.
, the Vinen regime (4) would firstly dominate. For ℓ ≪ D, any initially excessive quantum energy E q always decays faster than the classical E c , because the decay time associated with the Vinen regime (4), τ V ≃ γ ζκL , is shorter than that for the Kolmogorov regime (6),
∼ 1 [42] . And in the opposite limit, Re s (0) ≪ 1, only the Vinen decay could be observed. Note that this criterion differs from theory by Barenghi et al. [43] . They claim that if a spatiallyuniform injection of small vortex rings is stopped before the inverse cascade (which promotes large-scale velocity fluctuations upon the tangling of vortex rings) extends up to the largest length scale ∼ D, only the L ∝ t −1 decay can be observed. However, in all our experiments in which either a beam of vortex rings [11] or a vortex tangle (this work) is injected, the large-scale velocity component U 0 is present from the very moment of tangling -without the need of an inverse cascade. This is because of the collimated profile of resulting jets.
Finally, approaching the crossing point of the asymptotics (4) and (6) at density
, the formal solution of Eq. 10 deviates from (6) and eventually switches to (4) . However, the model of homogeneous QT might no longer be adequate at corresponding ℓ ∼ D/6. Instead, it is expected that remnant vortices will replace the decaying tangle at similar densi- [44] . Let us turn to the question whether coherent bundles of vortex lines might be identifiable during the Kolmogorov decay L ∝ t −3/2 . This could be characterized by the ratio χ ≡ L /L, where L is the length of aligned vortices which generate the quasiclassical velocity field, while the rest, L × = L − L , is made of random vortex segments. A similar decomposition was introduced previously [45] [46] [47] [48] and found meaningful [7] . To estimate L , we sum, in quadrature, contributions to classical vorticity from different length scales [46] :
where
c k −5/3 is the Kolmogorov K41 spectrum with C ≈ 1.5, and x ∼ 1 defines the effective cut-off wavenumber for the classical spectrum. If the classical energy flux ǫ c dominates,
Thus, the late-time decaying tangles maintain a substantial and constant degree of alignment [49] . In fact, the phenomenological expression (3) for the rate of dissipation ǫ d might have alternatives. One could argue that the component L × is passively advected by classical flow and is hence involved in the transfer of energy at the same rate as in Vinen QT [45, 47] , while L might not contribute to the removal of energy as efficiently because it is related to the classical velocity field which evolves at its own pace. Hence, as a special case,
with ζ = 0.10. Eq. 13 would still be compatible with all previous experimental observations, including those for grid turbulence [13] , provided L × ∼ L. Assuming that, like in the previous case of Eq. 12, χ is constant during the late-time decay, and using (11) and (13), we arrive at
Its solution for x = 1 is χ = 0.57 -indicating that L and L × are indeed comparable. We solved Eq. 9 numerically with ǫ d given by (11)&(13), instead of (3). It turned out, all experimental data L(t), shown in Fig. 2 and Fig. 3 , can be modelled nearly as satisfactorily, e. g. if one chooses ζ = 0.10, β = 0.8, a = 1.0, b = 0.7 and x = 0.5. Thus, the important question, which of Eq. 3 and Eq. 13 is more appropriate to describe the dynamics of QT of various degrees of polarization, requires further investigation.
To conclude, we developed a technique of generating, in the T = 0 limit, QT with the known amplitude U 0 of flow velocity at the integral length D. For the range of injection conditions as in Fig. 3 , the superfluid Reynolds number Re s spans the range between 25 and 650. Our model, which combines the fluxes of quantum and classical energy [11] , describes all features of the observed decays L(t). If the initial line density L 0 greatly exceeds the aligned fraction L 0 (U 0 ), associated with the quasiclassical flow, L rapidly decreases following a universal decay law of Vinen QT, L ∝ (t + t V ) −1 . Yet, the initial quasiclassical flow decays slower, and when L /L reaches ∼ 1, the late-time decay of Kolmogorov QT L ∝ D(t + t K ) −3/2 , universal for the given container, is maintained. Only for very small initial U 0 < ∼ κ/D (i. e. when Re s < ∼ 1 is too small to warrant classical behavior of even largest eddies), can this ultimate regime never be reached.
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